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1 Introduction 


The concept of fuzzy set theory was introduced by L.A.Zadeh in 1965. Later on sequences 
of fuzzy numbers have been discussed by Esi (2006), Tripathy and Dutta (2007, 2010), 

1 The work of the authors was carried under University Grants Commision of India project No.-F. No. 
30 - 240/2004 (RS) 
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Tripathy and Sarma (2008a, 2008b) and many others. 


Definition 1.1 Kizmaz (1981) defined the difference sequence spaces £oo(A),c(A) and 
Co (A) of crisp sets as follows: 

Z{ A) = {(x k ) e w : (Ax k ) g Z}, 

for Z = £ 00 , c and c 0 and Ax = (Ax k ) = (x k — x k+1 ) for all k G N. 

The above spaces are Banach spaces, normed by, 

II {xk) || a = |a?i| + sup | Axfc|. 

k> 1 

The idea of Kizmaz (1981) was apllied to introduce different types of difference se¬ 
quence spaces and study their different properties by Tripathy (2004), Tripathy and Esi 
(2006), Tripathy and Mahanta (2004), Tripathy and Sarma (2008b), Tripathy, Altin and 
Et (2008) and many others. 

Tripathy and Esi (2006) introduced the new type of difference sequence spaces, for 
fixed m G N, as follows: 


Z(A m ) {x (xk) ■ ^ Z~\ 1 

for Z = doo, c and c 0 and A m x = ( A m x k ) = (x k — x k+m ) for all k G N. 

This generalizes the notion of difference sequence spaces studied by Kizmaz (1981). 

The above spaces are Banach spaces, normed by, 

m 

|| {x k ) || A m = l^rl + sup |A m Xfc|. 

r=l fc>l 

Tripathy, Esi and Tripathy (2005) further generalized this notion and introduced the 
following notion. For m > 1 and n > 1, 

Z( A” ) = {x = (x k ) : (A” x k ) G Z}, for Z = fbo, c and c 0 . 
where (A” x k ) = (A” _1 a: fc - A” _1 a: fc+m ), for all k G N. 

This generalized difference has the following binomial representation, 
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^* = E(-l) r (")^- (!) 

Definition 1.2 Ng and Lee (1978) defined the Cesaro sequence spaces X p of non-absolute 
type as follows: 

x = (xk) E X p if and only if a(x) E £ p , 1 < p < oo, 

( n \ oo 

\ Xk) 

k = l / tt,— ! 

Orhan (1983) defined the Cesaro difference sequence spaces X p (A), for 1 < p < oo 
and studied their different properties and proved some inclusion results. He also obtained 
the duals of these sequence spaces. 

Mursaleen, Gaur and Saifi (1996) defined the second difference Cesaro sequence spaces 
X p (A 2 ), for 1 < p < oo and studied their different topological properties and proved some 
inclusion results. They also calculated their dual sequence spaces. 

Later on, Tripathy, Esi and Tripathy (2005) further introduced new types of dif¬ 
ference Cesaro sequence spaces as C 00 (A^ l ),0 00 (A'^ l ),C p (A‘^ l ),O p (A'^ l ), and £ p ( A"), for 
1 < p < oo. 

For m = 1, the spaces C p ( A”) and Coo(A n ) are studied by Et (1996-1997). 

Definition 1.3 An Orlicz function is a function M : [0, oo) —> [0,oo), which is continu¬ 
ous, non-decreasing and convex with M( 0) = 0, M(x) > 0, for x > 0 and M(x) oo, as 
x —> oo. 

An Orlicz function M is said to satisfy A 2 -condition for all values of x, if there exists 
a constant K > 0, M(Lx ) < KLM(x), for all x > 0 and for L > 1. 

If the convexity of the Orlicz function is replaced by subadditivity i .e.M(x + y) < 
M(x) + M(y), then this function is called as modulus function. 

Remark 1.1 An Orlicz function satisfies the inequality M(Xx) < AM(x), for all A with 
0 < A < 1. 
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Throughout the article w F , i F , represent the classes of all ; absolutely summable and 

bounded sequences of fuzzy real numbers respectively. 


2 Definitions and background 

Definition 2.1 A fuzzy real number X is a fuzzy set on R i.e. a mapping A l : R —> I(— 
[0,1]) associating each real number t with its grade of membership X(t). 

Definition 2.2 A fuzzy real number X is called convex if X{t) > A"(s) A X{r ) = 
min(AT(s), AT(r)), where s <t < r. 

Definition 2.3 If there exists t 0 E R such that X(t 0 ) = 1, then the fuzzy real number X 
is called Jiormal. 


Definition 2.4 A fuzzy real number X is said to be upper semi continuous if for each 
£ > 0, X _ 1 ([0, a + e)), for all a E /, is open in the usual topology of R. 


The class of all upper semi-continuous, normal, convex fuzzy real numbers is denoted 
by R(I). 

Definition 2.5 For X E i?(/), the a-level set X a , for 0 < a < 1 is defined by, 
X a = {t E R : X(t) > a}. The 0-level i.e. A " 0 is the closure of strong 0-cut, i.e. 
X° = cl {t E R : X(t) > 0 }. 


Definition 2.6 The absolute value of X e R{I) i.e. |X| is defined by, 

\W) = 


max{A"(t), A"(—£)}, for t > 0 

0 otherwise 


Definition 2.7 For r G R, r G R(I) is defined as, 

r{t) = 


1 \it — r 
0 if t 7 ^ r 

Definition 2.8 The additive identity and multiplicative identity of R(I) are denoted by 
0 and 1 respectively. The zero sequence of fuzzy real numbers is denoted by 9. 
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Definition 2.9 Let D be the set of all closed bounded intervals X = [X L ,X R \. 


Define d : D x D -£ R by d(X, Y) = max{\X L -Y L \,\X R -Y R \}. Then clearly (D, d) 
is a complete metric space. 

Define by d : R(I ) x R(I ) ->• R(I ) by d(X,Y) = sup d(X a ,Y a ), for X, Y £ R(I). 

0<a<l 

Then it is well known that (R(I), d) is a complete metric space. 

Definition 2.10 A sequence X = (A*.) of fuzzy real numbers is said to converge to the 
fuzzy number X 0 , if for every £ > 0, there exists ko £ N such that d(Xk, X 0 ) < e, for all 
k > ko. 

Definition 2.11 A sequence space E is said to be solid if (Y n ) £ E, whenever (X n ) £ E 
and \Y n \ < \X n \, for all n £ N. 

Definition 2.12 Let X = (X n ) be a sequence, then S(X) denotes the set of all per¬ 
mutations of the elements of (X n ) i.e. S(X) = {( X „.(„)) : tt is a permutation of N}. A 
sequence space E is said to be symmetric if S(X) C E for all X £ E. 

Definition 2.13 A sequence space E is said to be convergence-free if (Y n ) £ E whenever 
(X n ) £ E and X n = 0 implies Y n — 0. 

Definition 2.14 A sequence space E is said to be monotone if E contains the canonical 
pre-images of all its step spaces. 


Lemma 2.1 A sequence space E is solid implies that E is monotone. 

Definition 2.15 Lindenstrauss and Tzafriri (1971) used the notion of Orlicz function and 
introduced the sequence space: 


km 


= < x £ w : M 


k=1 


\%k\ 

. P , 


, for some p > 0 


The space £m with the norm, 


\x\ 


= inf{p>0:f>/(^) <1 


k=1 


P 
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becomes a Banach space, called an Orlicz sequence space. The space £m closely related 
to the space £ p which is an Orlicz sequence space with M{x ) = x p , for 1 < p < oo. 

Later on different classes of Orlicz sequence spaces were introduced and studied by 
Tripathy and Mahanta (2004), Et, Altin, Choudhary and Tripathy (2006), Tripathy, Altin 
and Et (2008), Tripathy and Sarma (2008a,2009,201 l)many others. 

Let m,n > 0 be hxed integers and 1 < p < oo. In this article we introduced the 
following new types of generalized difference Cesaro sequence spaces of fuzzy real numbers: 

qf(M, A” ) = j(A' fe ) : fj (m < oo, for some p > oj . 


C^(M, A") - JI X t j : sup J (y M j < oclj f or some p > 0 


<(M, A”) = j (X k ) : y (m ( d ( A: " At '°) )) 1 ' < oo, for some p > 0 


k =1 


P 


0 F r (M, A") = \(X k ): y I (y (m <(Xlj tor some p > 0 


i =1 " \fc=l 


V p 


0£(M, A” ) = { (X k ) : sup rf(A " Xfc,0) > ) < oo, for some p > 0 

l i i \ P J 

Lemma 2.2 Let 1 < p < oo. Then, 

( i ) The space C p (M ) is a complete metric space with the metric , 


01 (*, Y) = inf Ip > 0 : (£ - ± (m t 4 ' Xk ’ Yk) 


P\ v 


<1 • 


u=l " k=1 


P 


[ii) The space C^(M) is a complete metric space with respect to the metric , 


772 (X, Y) = inf ip > 0 : sup - ^ M < l} . 


k =1 


P 
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[in) The space M) is a complete metric space with the metric, 


Vs(X,Y) = inf #»«= E M 


\i =1 


' d(X k ,Y k ) 

P 


p\ i 


< 1 


[iv) The space 0^{M) is a complete metric space with the metric, 


» 4 <A', Y) = inf {p > 0 : ( £ i ± (m (' i(Xk ' ¥tY ^ 


< 1 


U =1 " k =1 


P 


> ■ 


[v) The space O^(M) is a complete metric space with respect to the metric, 


775 (X, Y) = inf jp > 0 : sup j M ^ X ^k) ^ < x | 

Proof of lemma 2.2(i) Let (X^) be a Cauchy sequence in C^{M) such that A^ ul = 
4 , for i 6 JV. 


Let £ > 0 be given. For a fixed x G > 0, choose r > 0 such that M > 1. Then 
there exits a positive integer no = no(e) such that 

^(X^X^) < for all u,v > n 0 . 
rx o' 

By the definition of r)\, we get: 


oo -| i / / j( y( u ) v'( t, b 

ii>fi/»0:|E-E lf ' ‘ ’ ‘ 


< 1 


. 1=1 " k =1 


P 


> < £, for all u,v> no- ( 2 ) 


Which implies that, 


rl(X^ X^) 

M | 2_ k 1 ; 1 < 1, for all u, v > n 0 - 

P 


( 3 ) 


M ( mS'S) ) ^ 1 ^ M (“) • for al1 u ’ v - n °- 


Since M is continuous, we get, 


d[x[ u \xi v) ) < rf. Vl (xM,XM), for all u,v > n 0 . 
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=► d(xl u \xl v) ) < r -f.^ = §, for all u,v > n 0 - 
=>■ d(X k u \ X k v ^) < |, for all u,v > no- 

Which implies that (xj; : v> ) is a Cauchy sequence in R(I ) and so it is convergent in 
R(I) by the completeness property of R(I). 

Also, lim Xi" 1 = X k , for each k G N. 

Now, taking v —> oo and hxing u and using the continuity of M, it follows from (3), 

< 1, for so m e p > 0. 

Now on taking the inhmum of such ps, we get, 



inf \p > ° ; [Y 7 Y \ M 


00 1 A ( „(d{X ( *\ X k ) 


< 1 


,i=l " k =1 


> < e, for all u > no (by (2)). 


Which implies that, 


i.e. linil w = X. 

U 


r)i(X^ u \ X) < e, for all u > no- 


Now, we show that X e C' ? f (M). 


We know that, 

d(X k , 0) < d(xl u) ,X k ) + d(xl u \ 0). 


Since M is continuous and non-decreasing, so we get, 



d(X k , 0) 


M 


P )) 

'd ( Af'.V j) 
P 





V 



< oo. (finite) 


Which implies that X e 


Hence CJ ( M ) is a complete metric space. 


This completes the proof. 


3 Main results 

In this section, we prove the results relating to the introduced sequence spaces. The proof 
of the following result is a routine verification. 

Proposition 3.1 The classes of sequences C£(M, A” ), 0£(M, A” ), C{f (. M , A” ), 0£(M, A” ) 
and £p{M, A^) , for 1 < p < oo, are metric spaces with respect to the metric, 

mn 

f(x, Y ) = £ d(*k, 0) + ry(A^W, A” Yfc) 

fc=i 

where Z = C F ,C F ,0^,0 F ,e F . 

Theorem 3.1 Let Z(M) be a complete metric space with respect to the metric rj, the 
space Z(M,X r f) is a complete metric space with respect to the metric, 

mn 

f(x,Y) = £3(x t ,o)+7j(A”.w A"yy 

fc=l 

where Z = C*,Cr,0^ OF, 1*. 

Proof Let (X^) be a Cauchy sequence in Z(M, A”) such that = (X^)^ =1 . 


We have for £ > 0, there exists a positive integer n 0 = n 0 (e) such that, 

/(X ( “U W ) < e, for all U, V > Uq. 

By the definition of /, we get: 

mn 

£3( X<”>) + viX'Xki A”xP) < 6, for all u, t> > no. 

r=l 

Which implies that, 


(4) 
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E d(XW,XM) < e, for all u, v > n 0 . 

r =1 

=>- d{X^ u \ X^) < e, for all u, v > n 0 , r = 1, 2, 3 ...mn. 

Hence (X^) is a Cauchy sequence in R(I), so it is convergent in R(I), by the com¬ 
pleteness property of R(I), for r = 1, 2, 3. mn. 


Let, 

Next we have, 


lim = X r , for r = 1,2,3... 


mn 


( 5 ) 


V(^m X k U \ A m X k ] ) < £ , for a]1 U i V > n 0 (6) 

Which implies that (A^X^) is a Cauchy sequence in Z(M), since M is a continuous 
function and so it is convergent in Z(M) by the completeness property of Z(M). 


Let, lim A™ xj: u) = Y k (say), in Z(M), for each k G N. 


We have to prove that, 


lim X {u) = X and X e Z{M, A”). 

For k — 1, we have, from (1) and (5), 

lim xj%n+i = X mn+1 , for m > l,n > 1. 
Proceeding in this way of induction, we get, 

lim X X) = X k , for each k G N. 

Also, lim A” xj. u) = A^X k , for each k E N. 

Now, taking v — > oo and fixing u it follows from (4), 

mn 

E d( xi r u \ x r) + v(A: n Xt\ A n m X k ) < e, for all u, v > n 0 . 

r =1 

Which implies that, 


f(X^ u \X) < £, for all u > n 0 - 
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i.e.lim X (u) = X. 

U 

Now, it is to show that X e Z(M, AJJJ. 
We know that, 


mi 0) < /(A” X®, A” X t ) + /(A” xf, 0) 

< oo. 

Which implies that X e Z(M, A”). 

Hence Z(M, A”) is a complete metric space. 

This completes the proof of the theorem. 

The proof of the following results is a consequence of the above result and lemma. 
Proposition 3.2 Let 1 < p < oo. Then, 

(i) The space Cp(M, A^J is a complete metric space with the metric, 


fi(X, Y ) = 5] d(A r , y r ) + inf <1 p > 0 : ElE M 


r =1 


ki=l " fe=l 


' d{A™ m X k ,X" m Y k ) 

P 


< 1 


(ii) The space C^(M, A^J is a complete metric space with respect to the metric, 


MX:,Y) = E3(X.U) + tofL > 0 : supA/ (1^^)) < l} . 


r=l 


(iii) The space £p(M, A^J is a complete metric space with respect to the metric, 


MX, Y ) = £3(X r , y r ) + inf P > 0 : (M ( d(A ” X t . Ay,) \y\- < x 


r=1 


\i =1 


(iv) The space Op (AT, A”) is a complete metric space with the metric, 
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MX, Y ) = f,d(X r , Y r ) + inf L > 0 : (£ l ± (m 
(r) 0^(M, A”) is a complete metric space with respect to the metric, 


MX, Y) = £ 3( * r , n, + inf | p > 0 : SU p 11 M ») < 1 
r=l l * 1 fc=l V P J 


Theorem 3.2 The classes of spaces Z(M, A” ) , where Z = C^O^Cff ,Off arid , for 
1 < p < oo, are not monotone and as such are not solid for m, n > 1. 

Proof. Let us consider the proof for C^(M, A^J. The proof follows from the following 
example: 


Example 3.1 Let X k = k, for all k G N. 


Let rn — 3 and n = 2. Let M(x) = |x|, for all x G [0, oo). 


Then, we have, d.( X\X k , 0) = 0, for all k G N. 


Hence, we get, for 1 < p < oo, 


f. 1 £ ( M f' d(A|jft 1 0) 


i =1 " fc=l 


< oo, for some p > 0 


Which implies that, (Xk) G Cff(M, A§). 


Let J = {/c : /c is even } C N. Let (Y k ) be the canonical pre-image of ( X k )j for the 
subsequence J of N. Then, 


Xk, for k odd, 
0 , for k even. 


But (Y k )iC?(M, A|). 


Hence the spaces are not monotone as such not solid. 
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This completes the proof. 


Remark 3.1 For rn — 0 or n = 0, the spaces Cjj(M) and Cf^fM) are neither solid 
nor monotone, where as the spaces £p(M),Op(M) and O^(M) are solid and hence are 
monotone. 

Theorem 3.3 The classes of spaces Z(M, A'f), where Z = C^,, O^, , Ojf and £p, for 

1 < p < oo, are not symmetric, for m, n > 1. 

Proof Let us consider the proof for C^(M, A"). The proof follows from the following 
example: 

Example 3.2 Let X k — 1, for all k G N. 

Let rn — 4 and n = 1. Let M(x) = |x|, for all x G [0, oo). 

Then, we have, d{A 4 X k , 0) = 0, for all k G N. 

Hence, we get, 


sup - M — 4 < oo, for some p > 0. 

Which implies that, (X k ) G Cff{M, A 4 ). 

Consider the rearranged sequence (Y k ) of (X k ) such that (Y k ) = (X 1 ,X 2 , X 4 , X 3 , X g , X 5 , X w , X 6 , X 25 ,...) 
such that d(A 4 Y k , 0) « k — (k — l) 2 « k 2 , for all k G N. 


Which shows, 


1 

sup - 

i i 



d(A 4 Y k , 0) 
P 


oo, for some fixed p > 0. 


Hence, (Y k ) f Cff{M,A 4 ) . It follows that the spaces are not symmetric. 


This completes the proof. 


13 



Theorem 3.4 The classes of spaces Z(M, A”), where Z = 0^,0^,Off ,0^ and dp, for 
1 < p < oo, are not convergence-free, for m, n > 1 . 

Proof Let us consider the proof for Cff(M, A” ). The proof follows from the following 
example: 

Example 3.3 Let m — 3 and n = 1. Let M(x) = x 3 , for all x G [0, oo). 

Consider the sequence (X k ) defined as follows: 


1 + k 2 t, for t G [-pr,0], 
X k (t) = \ 1 - k 2 t, for t G [0, -p], 

0 , otherwise 


Then, 


A 3 X k (t) = 1 


f 1 , k 2 (k+ 3) 2 , r . F 

1 + 2fc 2 +6fc+9 r ’ IOr 1 

2fc 2 +6fc+9 n 
fc 2 (fc+3) 2 ’ U 

i fc 2 (fc+3) 2 , f t 

1 2fe 2 +6fc+9 r ’ 101 1 

n 2fc 2 +6fc+9 
U ’ fc 2 (jfc+3) 2 

J 

10, otherwise 




Such that,d(A 3 X fc ,0) = = A + ^ 

We have,sup - (y^ j M (—— 3 < 00 , for some fixed p > 0. 


\k =1 


P 


Thus {X k )eC*(M, A 3 ). 

Now, let us take another sequence (Y*,) such that, 

f 1 + £ 2 , for t G [— A; 2 , 0], 

Y k (t) = < 1 - for t G [0, A; 2 ], 

[ 0 , otherwise 

So that, 

f 1 + 2 fc 2 + 6 fc+ 9 > f° r A € [— (2A : 2 + 6k + 9), 0], 
A 3 Yfc(A) = < 1 - 2 fc 2 + 6 fc+ 9 » for A G [0, (2k 2 + 6k + 9)], 

[ 0 , otherwise 

But, d(A 3 Y k , 0) = (2k 2 + 6k + 9) , for all k G N. 


14 



Which implies that,sup - ('S^ M (— —-———- ) ) = oo, for some fixed p > 0. 

i 1 \t^l V P )) 

Thus, (Y fc )£C£(M, A 3 ). 

Hence CfffM, AffJ is not convergence-free, in general. 

This completes the proof. 

Theorem 3.5 

(a) £p(M, A^J C Op(M, C OffM, A”) and the inclusions are strict. 

(b) Z(M, A™" 1 ) C Z(M, A™ ) (in general Z{M , AjJ C Z(M, A” ), for i = 1, 2, 3, ...n - 1), 
for Z = C* 0* Of, Of and , forl<p<oo. 


{c ) Of(M, Af) C Of(M, Af) and £de inclusion is strict. 


Proof (b) Let (X fc ) G Of(M, A^ f . Then we have, 


sup I 1Xfc,0) | ) < oo, for some p > 0. 




P 


Now we have, 

sup i ft M f^AiT = SUP i ft M flAA-‘ - 0 ) 




2 p 




- SUP I(t ft M f ) N )')+supifi(£ M 


2 p A 

/d(A-- 1 A fe+1 ,0)' 




P 


2 \fc=i V 


p 


< oo. 


Proceeding in this way, we have, 

Z(M,A l m ) C Z(M, AffJ, for 0 < i < n, for Z 
1 < p < oo. 


= C£,0£,,C p F ,O p F and C for 


This completes the proof. 
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Theorem 3.6 (a) If 1 < p < q, then, 

(i)CpM,AZ)cCpM,A’i,) 

( b ) Cp (M) C Cp (AT, A” ) , for all m> 1 and n > 1. 

Theorem 3.7 Lei AT, Ah and M 2 be Orlicz functions satisfying A 2 - condition. Then, for 
Z = C £, 0£, Cjf, and £%, forl<p<oo, 

(0 Z(Mi, AJJJ C Z(M o M 1; A^J 

(m) W, A”) n Z(M 2 , A” ) C Z(M X + M 2 , A” ). 

Proof ( i ) Let (A fc ) G Z(M\, A^J. For £ > 0, there exists rj > 0 such that £ = M(rf). 
Then,Mi ^ f or SO me p > 0, L G 

Let Yfc = Mi . for some p > 0, L G 

Since M is continuous and non-decreasing, we get, 

d(^mXk, L) ^ ^ < M{rj) = e, for some p > 0. 

Which implies that, (X k ) G Z(M o M i, A” ). 

This completes the proof. 

(m) Let (A fc ) G Z(Mi, A” ) n Z(M 2 , A” ). 

Then,Mi < £ , for some p > 0, L G 

and M 2 £ ; fo r some p > 0, L G 

The rest of the proof follows from the equality, 


M(Y k ) = M Ah 
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< e + £ = 2e, for some p > 0. 
Which implies that (X k ) e Z(Mi + M 2 , A”). 


This completes the proof. 
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